The lasing transition of "class-A" lasers, where the photon lifetime is much longer than the carrier lifetime, is analogous to the second-order phase transition and, in addition, there is the GinzburgLandau (GL) type theory. We theoretically examine the validity of the GL theory for lasers in terms of various parameters, particularly, the ratio between photon and carrier lifetimes. For this purpose, we propose a higher-order photon correlation (g (q) ) measurement to check whether or not the photon statistics are described by the GL theory. The measurement of g (q) has an important experimental advantage because of its quantum efficiency independence. We found that the applicability of the GL theory of lasers is broader than conventionally imagined. Namely, for low-β lasers, GL theory is applicable even when the photon lifetime is comparable to the carrier lifetime. We show that our finding can be understand in the framework of center manifold reduction, which is an example of the "slaving principle" proposed by Haken.
I. INTRODUCTION
Semiconductor lasers play a central role in integrated optoelectronic devices and fiber-optic communication, and their photon statistical properties are important for these application. Semiconductor lasers differ significantly from gas lasers in that the carrier lifetime is much longer than the photon lifetime, and they are referred to as the "class-B lasers". Meanwhile, gas lasers such as He:Ne lasers are called "class-A lasers". With these lasers the photon lifetime is much longer than the carrier (population inversion) lifetime. The quantum theory of class-A lasers is well established [1] [2] [3] and it is strikingly analogous to the Ginzburg-Landau (GL) like theory of the second-order phase transitions [4, 5] . On the other hand, the pioneering studies by Paoli [6] , Ogawa [7] , and Hofmann [8, 9] have theoretically predicted that the photon statistics of class-B lasers are qualitatively different from the well-established photon statistics of class-A lasers. Furthermore, their predictions have been experimentally confirmed with photon counting distribution measurements performed on a solid-state laser [10] and a vertical-cavity surface-emitting semiconductor laser [11] .
In this paper, we extend these pioneering investigations. Our studies can be divided into the two parts. First, we propose an alternative method of probing the photon statistics of lasers by using normalized higher order-photon correlations g (q) [12, 13] instead of the photon counting distribution p n . Experimentally, the advantage of using g (q) lies in their loss independence. Namely, an imperfect quantum efficiency does not affect g (q) . Furthermore, we introduce a method for checking check whether or not the photon statistics are described by the GL potential, which was originally proposed in the context of the quark-gluon plasma transition [14, 15] and later experimentally confirmed with a He:Ne laser (class-A laser) [16] . In fact, higher order photon correlations g (q>2) are drawing greater attention [17, 18] .
Second, using numerical simulations based on the birth-death master equation, we explore the parameter regime where the GL-like theory is valid. As pointed out in the previous studies [6, 7, 10, 11] , when the carrier lifetime is much shorter than the photon lifetime (class-B limit), the GL theory is not applicable and lasers exhibit unconventional photon statistics. On the other hand, for lasers with sufficiently small spontaneous coupling coefficients β( 1), even when the photon and carrier lifetimes are equal, the photon statistics are perfectly described by the GL theory, which is surprising because adiabatic elimination is impossible in a conventional sense. In fact, we show that the applicability of the GL theory is much wider than we usually expect. To understand these findings, we apply the center manifold reduction theory to the photon and carrier rate equations, which is an extension of adiabatic elimination [19] . We demonstrate that low-β lasers behave as class-B lasers and exhibit unconventional photon statistics only when the carrier lifetime exceeds the photon lifetime, where there is relaxation oscillation. Otherwise, the photon dynamics dominate the behavior of the whole system, which is an example of the "slaving principle" proposed by Haken [19] . These results may motivate a revision of the laser classification (class-A and -B lasers) and provide an indication regarding the proper design of laser parameters.
The paper is organized as follows. In Sec. II, we review the GL-like theory of class-A lasers and introduce the higher-order photon correlation method to prove the validity of the GL theory. Section III describes a numer-ical simulation method based on the birth-death master equation and they are compared with the GL theory. In Sec. IV, we interpret the results obtained in the previous section using the center manifold reduction. Finally, we offer our conclusions and future perspectives in Sec. V.
II. THEORY A. Classification of lasers
We briefly revisit the commonly used Arecchi's classification of lasers, which depends on the strength of three decay rates [20, 21] : photon γ c , polarization γ ⊥ , and population inversion (carrier) decay rates γ . Lasers are classified as (i) class-A lasers (γ ⊥ , γ γ c ): When the photon decay from the cavity is much slower than the other decay rates, the adiabatic elimination of both polarization and carrier degrees of freedom from the Maxwell-Bloch equation is possible. Since the class-A laser dynamics are described solely with the cavity photon, the conventional quantum theories of lasers assume the class-A condition [1, 22] . With the detailed balance condition, photon statistics are obtained analytically with the master equation [23] or the Fokker-Planck equation approach [2, 24, 25] . Furthermore, since the close analogy between a lasing transition and a second-order phase transition is transparent for class-A lasers, the GL theory of lasers has been established, which is discussed in Sec. II. B.
(ii) class-B lasers (γ ⊥ γ c γ ): Since the polarization decay (dephasing) is much faster than the other dynamics, the adiabatic elimination of the polarization from the Maxwell-Bloch equations results in StatzdeMars type rate equations for photon n and carrier number N [26] , which are the commonly used rate equations for semiconductor lasers. Importantly, unlike the single degree of freedom of the class-A laser, class-B lasers have two degrees of freedom and numerical simulations are needed to obtain their photon statistical properties. Additionally, certain class-B parameters induce the realtime damped oscillatory behavior of photons and carriers known as relaxation oscillation [27, 28] .
In this paper, we assume that the dephasing rate γ ⊥ is much larger than the other decay rates and the polarization degree of freedom is adiabatically eliminated. Thus, we do not consider class-C lasers, where all three decay rates are in the same order.
B. GL potential approach for class-A lasers
We, first, describe the "Ginzburg-Landau (GL) theory" of class-A lasers, which was developed as described in Refs [4, 5] based on the similarity between the lasing and the second-order phase transition. The GL theory of lasers is the simplest model for capturing all the basic properties of class-A lasers including photon statistics. Second, we discuss the higher-order photon correlations associated with the GL theory, which was initially proposed in the context of the quark-gluon plasma phase transition [14, 15] but that can be used for lasers to probe the validity of the GL theory [16] . We start from the assumption that the Glauber-Sudarshan P representation of the photon density matrix of a laser is given by [29] 
where α is a complex value and F (α) is the "potential" of α and a smooth function of α. The normalization constant Z is given by
where
. As a property of the Glauber-Sudarshan P function, P (α) satisfieŝ
whereρ and |α are the photon density matrix and the coherent state, respectively. Equation (3) indicates that P (α) is the probability distribution function as long as it is positive, which is the case in this paper. Therefore, α and Z are analogous to the "order parameter" and the "partition function", respectively. Although it is not always possible to write the P function in the form of Eq.
(1), if the Fokker-Planck equation satisfies the detailed balance condition, it may have a "potential" F (α) as a smooth function. [30, 31] . Furthermore, for class-A lasers, the potential function F (α) is assumed to be the Ginzburg-Landau (GL) type around the phase transition (or the lasing transition):
where I ≡ |α| 2 is used. Since we focus on the intensity related properties of lasers, in the rest part of the paper, we mainly use the positive real value I instead of the complex value α. As is well known for the GL theory, a > 0 represents the "normal phase", where the potential minimum is located at I = |α| = 0. Meanwhile, a < 0 is the "ordered phase" with a broken symmetry, where the potential has a Mexican hat shape, and its minimum is at I = |α| 2 = −a/2b. We note that the GL type potential in Eq. (4) is homogeneous and does not have a "kinetic term" such as c(∇α) 2 , which is because we are considering single-mode lasers. The absence of the "kinetic term" makes integration very easy. The "kinetic term" may play an important role in inhomogeneous systems such as multi-mode lasers [19] or coupled laser arrays [32] .
From the P function, the photon counting statistics
lng ( with a generalized quantum efficiency η(≤ 1) are calculated as [29] 
For the conversion of the coordinate, the polar coordinate α = re iθ and the relation d 2 α = rdrdθ and I = r 2 are used. Importantly, the quantum efficiency η(≤ 1) includes the quantum efficiencies of detectors and optical losses but also the effect of a finite detection time [33] . When η = 1, p η n coincides with the photon distribution function p η=1 n = p n (= n|ρ|n ). Now, we calculate the q-th order moment G (q) with a quantum efficiency η defined as
If P (α) = e −F (α) /Z holds and F (α) is given by the GL potential Eq. (4), the q-th order moment is calculated as
) .
Here, we used the formula
where Γ(x) is the gamma function and D ν (x) is the parabolic cylinder function. We note that the first order moment G
(1) η is equivalent to the mean photon number n detected with a quantum efficiency η. Finally, the normalized (factorized) photon correlation function g (q) (or "factorial moment" F q [14] ) is obtained as
The important property of this normalized photon correlation function g (q) is its quantum efficiency independence [34] , which is because the term η q is cancelled out as common factors in the numerator and denominator. This is in contrast to the photon counting distribution p η n , which clearly depends on η [See Eq. (5)]. In fact, a photon counting distribution with an imperfect quantum efficiency p η(<1) n is related to p η=1 n as [33] 
As we have already mentioned, η is the generalized quantum efficiency including various effects such as linear optical losses, an imperfection of photon detectors, and a finite counting time. Since it is practically impossible to achieve η = 1, what we can experimentally measure is not the "true" photon counting distribution p η=1 n but an imperfect one p η(<1) n . In this sense, in experiments, the normalized higher-order photon correlation function g (q) has a great advantage because of its quantum efficiency independence. Experimentally, g (q) can be directly measured with multiple Hanbury-Brown Twiss interferometers or multi-channel detectors [13, 35] . Of course, g (q) can be calculated from a measured imperfect photon counting distribution p η n by using Eq. (6) [12, 16] . A linear photodetector would also be available for measuring the continuous distribution P (I) [10, 11, 28] , which gives g (q) [See Eq. (6)]. In all cases, the time resolution of the detectors must be faster than the intensity coherence time. During the time resolution of a detector, g (2) (τ ) should be approximately constant. An alternative technique is the combination of pulse pump excitation and a photonnumber-resolving transition edge sensor [36] , which can be used for obtaining p η n , and we can calculate g (q) with Eq. (6).
In Fig. 1 (a) , first, we plot the mean photon number n and the second-order photon correlation function g (2) as a function of −a/(2b) for η = 1. Figure 1 indicates that the GL potential approach reproduces all the characteristic behaviors of a lasing transition: the buildup of the photon number and the transition of g (2) from 2 to 1 at the threshold a = 0 and g (2) = π/2 holds at the threshold (a = 0). Second, following [14, 15] , we plot ln g (q) vs. ln g (2) in Fig. 1 (b) , where q ≥ 3 and y ≡ a/ √ 2b ranges from y = −10 to 10. Importantly, as long as the system is described by the GL theory, the ln g (q) vs. ln g (2) curves always hold and are independent of parameters a and b (See Eq. (9)). In the original proposal by Hwa and Nazirov, focusing on the linearity of the curve around the threshold, they found "F-scaling" [14] defined as g (q) ∝ (g (2) ) βq , where β q = (q − 1) ν and ν 1.3 [37] . The exponent ν is not the conventional critical exponent but a universal index that characterizes a GL type second-order phase transition such as the Ising model [38] . Thus, they proposed that the measurement of the index ν 1.3 could be the proof of the secondorder quark gluon plasma phase transition. In our paper, instead of using the exponent ν, we directly compare numerically simulated photon correlations with the analytically obtained curves ln g (q) vs. ln g (2) . Furthermore, we note that, in principle, we can reconstruct the "shape" of the photon statistics if we obtain infinite orders of g (q) by using the characteristic function, which we detail in Appendix. A.
C. Normal form as a basis of the GL theory
At the end of this section, we discuss the microscopic basis of the GL theory of low-β class-A lasers. The adiabatic elimination carrier (or atomic) degree of freedom from the Maxwell-Bloch equations may lead to a single equation for the complex electric field α, which approximately follows the van der Pol-like Langevin equation around the lasing threshold [2, 3, 24, 25, 39] :
where β represents the fraction of the spontaneous emission coupled into the laser cavity mode and P is the pumping rate. The lasing threshold is given by P th = γ c /β. Since Eq. (11) is based on the fourth-order perturbation, and the spontaneous emission coupling coefficient β represents the strength of the nonlinearity, β 1 is necessary for the perturbation expansion [40] . Additionally, f = f x + if y is the Langevin noise with f (t) = 0, where f x and f y satisfy the correlation f i (t)f j (t ) = 2Qδ ij δ(t − t ) with the measure of the fluctuation strength Q. The steady-state distribution of the Langevin equation (11) 
where F (α) is the GL-type potential given by
Therefore, for ideal low-β class-A lasers, we are able to determine the coefficients a and b of the GL potential based on Eqs. (13) and (12) . However, the power of the GL theory lies in its universality independent of the microscopic details including the noise strength. Namely, if the electric field obeys the following form with a complex noise term f :α
the statistical properties can be described by the GL theory as (4)). The deterministic part of Eq. (14) is interpreted as the normal form of the Hopf bifurcation [41] and also interpreted as the special form of the Stuart-Landau equation [42] . In terms of the photon number n (or intensity I), with noise term f n , Eq. (14) may be written aṡ
whose deterministic part is known as the normal form of the transcritical bifurcation [41] . Since this paper focuses on the amplitude mode of lasers, in the rest part of the paper, we mainly use Eq. (15).
III. RESULTS
A. Numerical simulations: rate equations and birth-death master equation
We introduce an alternative microscopic approach for describing lasers with a wide range of parameters. The Statz-de Mars type rate equations for photon n and carrier number N are given bẏ
To obtain the above rate equations from the MaxwellBloch equations, the only requirement is a large dephasing rate (γ ⊥ γ c , γ ), which leads to the adiabatic elimination of the polarization degree of freedom. Here, β is the spontaneous emission coupling coefficient that already appeared in Eq. (11), but here β clearly represents the fraction of the spontaneous emission going into the cavity mode. P is the pumping rate and N 0 is called the "carrier transparency number", which represents the minimum number of carriers activating the stimulated emission. In this paper, for simplicity, we consider only cases where N 0 = 0. Although N 0 is not negligible in semiconductor lasers, since we focus on low-β lasers Carrier number g (2) (0) Carrier number
Carrier number Photon number lng (2) lng (2) lng
(0) P/P th vs. ln g (2) obtained with the simulations based on the birth-death master equation, where q ranges from 3 to 10 and the pump power increases from right to left. The solid curves show analytical ln g (q) vs. ln g (2) results based on the GL theory [Eq. (β 1), the effect of the carrier transparency number is not important for our discussion. More precisely, if the parameter ξ ≡ βN 0 γ /γ c is much smaller than unity, the effect of N 0 is negligible [43] . For N 0 = 0, steady state solutions of the rate equations Eqs. (16) and (17) for photonn and carrier numberN are given by [26, 43] 
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Equation (18) indicates that the pump-input and lightoutput curve has a kink at P = P th , where P th given by
We refer to P th as the "kink threshold" [43] .
To include fluctuations, we use a birth-death master equation for the probability p n,N of finding n photons and N carriers in the system [26] :
where we assumed N 0 = 0. Since the direct numerical integration of Eq. (21) is too demanding due to the size of the n × N vector, we perform Monte-Carlo simulations based on the Gillespie algorithm [43] [44] [45] [46] .
B. Higher-order photon correlations g (q)
Here, we perform stochastic simulations of the birthdeath master equation (21) and compare the simulated photon correlation functions with the prediction of the GL theory [Eq. (9)]. The results of the stochastic simulations for class-A (γ /γ c = 100), B (γ /γ c = 0.01) and intermediate (γ /γ c = 1) parameters are presented in Fig. 2 (a), (b) , and (c), respectively. For the simulations, we used β = 0.001. Figure 2 is the central result of this paper. In Fig. 2 , the top row shows the photon and carrier numbers as a function of pump power. The middle row in Fig. 2 plots the second-order photon correlation at a zero time delay [g (2) ] as a function of pump power. In the bottom row in Fig. 2 , we plot ln g (q) vs. ln g (2) around the lasing transition, where the colored solid lines are the analytical results of the GL theory [See Eq. (9) and Fig. 1 (b) ]. First, we examine a class-A laser with β = 10 −3 , γ /γ c = 100, and N 0 = 0 [See Fig. 2 (a) ]. The pumpinput and light-output curve has a sharp kink associated with a low β. Furthermore, the second-order photon correlation g (2) shows a clear transition from g (2) = 2 to 1 at the kink threshold (P = P th ). In the bottom row in Fig. 2 (a) , all the simulated results (filled colored circles) fall on the solid colored curves, which means that this lasing transition is well described by the GL-like theory described in Sec. II.C. This good agreement between the microscopic master equation model and the macroscopic GL theory is surprising because the two frameworks look completely different, which confirms that the GL theory well describes for low-β class-A lasers.
Second, we investigate a class-B laser with β = 10 −4 , γ /γ c = 0.01, and N 0 = 0 [See Fig. 2 (b) ]. Since the value of β is the same for all the three simulations, the pump-input and light-output curves are identical in Fig.  2 (a-c) . Meanwhile, the second-order photon correlation in Fig. 2 (e) behaves very differently from that of the class-A laser. The middle row in Fig. 2 (b) shows that the super Poissonian photon bunching [g (2) > 1] remains far above the kink threshold P th . In fact, this long-tailed bunching behavior of g (2) at high pump power is characteristic behavior of class-B lasers and has been experimentally reported in Ref. [11, 27, 43, 47] . However, the information on g (2) is insufficient to characterize the full photon statistics. Therefore, we use the information on higher-order photon correlation functions ln g (q>2) vs. ln g (2) , which clearly indicates that the numerical simulation (filled colored circles) clearly deviates from the prediction of the GL theory (solid colored curves). This interesting discrepancy indicates that the lasing transition with the class-B parameters is not described by the GL theory. . Even though the ratio γ /γ c in Fig. 2 (c) is 100 times larger than that for the class-A laser, all the simulated results are almost identical to those in Fig. 2 (a) . Namely, the second-order photon correlation g (2) exhibits a sharp drop from g (2) = 2 to 1 at the kink threshold and ln g (q)
vs. ln g (2) is plotted on the solid curves based on the GL theory. Surprisingly, even though the conventional condition of the adiabatic elimination of the carrier degree of freedom, γ γ c , is not satisfied at all, the laser with the intermediate parameter (γ /γ c = 1) exhibits class-A like behavior and their photon statistics are described by the GL theory.
IV. ANALYSIS
As we briefly explained in Sec. II. C, the GL theory is applicable if the photon number follows an equation of motion of the type:ṅ = 4an−8bn 2 +f n [Eq. (15)]. In this section, we focus on the deterministic part of Eq. (15) and argue that, under a certain condition, the photon and carrier rate equations of motion can be reduced to a single equation of motion:
where the pump parameter δε is defined as
To reduce of the degree of freedom of the rate equations, we extend Haken's adiabatic elimination method by using the center manifold reduction theory [41, 48, 49] .
A. Meanfield rate equations
For low-β (β 1) lasers, we consider rate equations without spontaneous emission:
where N 0 = 0 is assumed. Comparing Eq. (24) with Eq. (16), we find that the former does not have the spontaneous emission term βγ N . We note that this application is possible only for low-β lasers (β 1), where the spontaneous emission could be treated as a perturbation. Importantly, the steady state photonn c and carrier numberN c of Eqs. (24) and (25) are different fromn andN [Eqs. (18) and (19)]. Below the threshold P ≤ P th , the steady state solutionsn (16) and (17), while the gray lines nc andNc are plotted with Eqs. (24) and (25) . The dashed vertical lines represent the pump powers, P/P th = 10 −0.1 , 1, and 10 0.1 . These plots hold only for low-β lasers, where the spontaneous emission is considered a perturbation.
Meanwhile, above the threshold P > P th , the steady state solutions are given bȳ
In Fig. 3 , we plotn c andN c as a function of pump power with gray lines, while we plotn andN with black curves. In fact, the smoothing of the curvesn andN at the lasing threshold is due to the spontaneous emission [26] . We note that the pump power dependence ofn c is a transcritical bifurcation and corresponds to the minimum of the GL potential [See the dotted black line in Fig. 1  (a) ].
B. Linear stability analysis
Now, we consider the small fluctuations δn and δN around the steady states as n =n c + δn and N =N c + δN , respectively. The fluctuations δn and δN follow the equation of motion
and the matrix for the linear part L (Jacobian) is
and the nonlinear part G is given by
We attempt to calculate the eigenvalues of the Jacobian L. For this purpose, Eq. (28) is further simplified depending on whether pump power is below or above the lasing threshold.
(i) Below the lasing threshold δε ≤ 0 (P ≤ P th ): substitutingn c = 0 andN c = P/γ into Eq. (28), the eigenvalues of the Jacobian L are λ + = γ c δε and
We note that the eigenvalues are always real below the lasing threshold.
(ii) Above the lasing threshold δε > 0 (P > P th ): Substitutingn c = P/γ c − 1/β andN c = γ c /βγ into Eq. (28), the eigenvalues of the Jacobian L are
Importantly, above the lasing threshold, the eigenvalues λ ± can be complex depending on the ratio γ /γ c and the pump power parameter δε. If the inside of the square root of Eq. (32) is negative, the eigenvalues are written as
where γ ro = γ δε and ω ro = 4γ c γ δε − γ 2 (δε + 1) 2 are interpreted as the damping rate and the oscillation frequency of the relaxation oscillation, respectively.
In Fig. 4 , we plot the eigenvalues λ ± as a function of pump power for three different parameters: class-A γ /γ c = 0.01 (a), class-B γ /γ c = 0.01 (b), and the intermediate ratio γ /γ c = 1 (c). Below the threshold, since the eigenvalue λ + behaves as λ + = γ c δε, λ + reaches zero at the lasing threshold P = P th for any ratio γ /γ c . On the other hand, above the threshold, the real parts of the two eigenvalues degenerate and the imaginary parts appear for the class-B laser [ Fig. 4 (b) ], while this does not occur for the class-A [ Fig. 4 (a) ] and the intermediate parameters [ Fig. 4 (c) ]. We show that the imaginary parts of the eigenvalues associated with the relaxation oscillation play a central role in the breakdown of the GL theory. 
C. Adiabatic elimination with center manifold
Our objective is to find, if it exists, a manifold (curve) that works as an attractor for the motion. The twodimensional motion of δn and δN may be reduced to a one-dimensional motion on the attractor curve, which is the central idea of center manifold reduction [48, 50] . We apply center manifold reduction to three regions, (i) at, (ii) below and (iii) above the lasing threshold.
(i) At the lasing threshold δε = 0 (P = P th ): first, we consider the lasing threshold P = P th , where the fluctuations δn and δN follow
The matrix of the linear part has eigenvalues λ + = 0 and λ − = −γ . Since the eigenvalues are zero and a negative real value, the center manifold theorem guarantees the existence of a center manifold δN = h(δn) [48] . First, we change the coordinate with a new variable δu:
Equation (34) is transformed to δṅ = −βγ c δn 2 + βγ δuδn (36)
Since δn has a zero decay rate and δn has a finite decay rate, δn and δu are respectively referred to as "unstable" and "stable" mode, respectively [51] . According to Haken's "slaving principle", unstable modes "enslave" stable modes. In this case, the variable δn enslaves the variable δu and works as an "order parameter" [2] . The center manifold is given by
We note that the center manifold [Eq. (38) ] can also be obtained by setting: δu = 0. Equation (38) is rewritten with the original variables as
Finally, substituting Eq. (38) into the equation of motion Eq. (36), we obtain the reduced equation of motion
Recalling thatn c = 0 and δn = n, we may conclude that the photon number n follows the same equation of motion as Eq. (40), which is simply the normal form, Eq. (22) at the bifurcation point, which corresponds to the GL potential with a = 0. Surprisingly, at the lasing threshold, this center manifold reduction [Eq. (40) ] holds for any ratio γ /γ c . Consequently, for a low-β laser with any ratio γ /γ c should exhibit g (2) = π/2 at the lasing threshold. However, this is clearly not the case for the simulated class-B laser [See g (2) in Fig. 2 (b) ]. We discuss this point later in Sec. IV. D.
Since both eigenvalues have nonzero negative real values, the center manifold theorem is not directly applica-ble except at the lasing threshold. To apply the center manifold theory to the neighborhood of the lasing threshold, we need to treat the pump parameter δε as a variable, and this is called the suspension trick [48] . This possibility was suggested by Wunderlin and Haken [49] . In lasers, the variable δε is more than a mathematical trick because δε may represent the pump power fluctuation. We consider two neighborhoods, (ii) below and (iii) above the lasing threshold.
(ii) Neighborhood below the lasing threshold −δ 1 < δε ≤ 0 (P ≤ P th ): here, δ 1 is a "small" positive real value. The equations of motion for the fluctuations δn, δN , and δε are given by 
Here, the center manifold is obtained as
where C(x, y) represents a homogeneous cubic in terms of x and y. In the basis δN , the center manifold δN = h(δn, δε) is written as
Finally, substituting δN = h(δn, δε) in the equation of motion Eq. (41), we obtain a reduced equation of motion solely of photons:
where δn may be replaced with n becausen c = 0. The above equation is simply an equation of motion that exhibits transcritical bifurcation [Eq. (15)].
(iii) Neighborhood above the lasing threshold 0 < δε < δ 2 (P > P th ): Here, δ 2 is a "small" positive real value. Since the linear part of the above equation of motion has eigenvalues of 0, 0, and −γ , the center manifold theorem is again applicable. In exactly the same procedure as that used below the threshold, the center manifold h(δn, δε) is given by
With the center manifold, the reduced equation of motion is obtained as
which is the same as Eq. (47). As with the previous case, δn may be replaced with n because ofn c = 0. In conclusion, the center manifold theory indicates that the photon and carrier rate equations (24) and (25) may be reduced to a photon equation of the form of Eq. (22) in the neighborhood of the lasing threshold, which is true for the arbitrary ratio γ /γ c . However, the above analysis does not provide the actual range of the neighborhood, which strongly depends on the ratio γ /γ c . Thus, in the next subsection, we discuss the applicability of the center manifold for three different ratios γ /γ c using the phase portrait. v at the three different pump powers. Namely, δn and δN are rapidly attracted to the dashed red curves, and the dynamics are reduced on the center manifold. These results indicate that the wide pump power region from P/P th = 10 −0.1 to 10 0.1 is considered to be in the "neighborhood" of the lasing threshold, where the rate equations are reduced to Eq. (22) .
D. Phase portraits
For the class-B parameter, the phase portrait above the lasing threshold is strikingly different from those of the class-A and intermediate parameters. In particular, above the lasing threshold [see the bottom figures in Fig.  5 (b) ], the phase portrait has a stable spiral, and thus, the center manifold (dashed red lines) does not attract the flow at all. The spiral of the flow originates from the imaginary parts of the eigenvalues Imλ ± , which is simply the relaxation oscillation. In this sense, when the relaxation oscillation exists, the adiabatic elimination fails. At the lasing threshold, the interpretation is more difficult. As we discussed in Sec. IV. C, at the lasing threshold, the center manifold reduction is valid regardless of the ratio γ /γ c and the rate equations are reduced to Eq. (40). Since Eq. (40) corresponds to a = 0 with the GL theory, g (2) (0) π/2 should hold. However, g (2) (0) π/2 is not the case for the lasing threshold of the class-B parameter [see the middle figure in Fig. 2 (b) ]. In fact, g (2) (0) is larger than π/2 at the lasing threshold of the class-B parameter. This paradoxical deviation might be associated with the pump power fluctuation δε. As Fig,  4 (b) indicates, the pump region where γ + < γ − holds is very narrow. Since the neighborhood of the validity of the center manifold reduction is so small [see Fig, 4 (b) ], even a small pump fluctuation may take the system out of the region where the center manifold reduction is valid. Finally, below the lasing threshold of the class-B laser, the center manifold reduction seems to fail again. The top row in Fig. 5) (b) indicates that the center manifold (dashed red line) does not work as an attractor for the flow. However, we note that since there is no stable spiral in the top row of Fig. 5 (b) , we may find another attractor that is different from the center manifold represented by Eq. (46), for example, the line δn = 0. However, this point requires further investigation. Now, a question arises. Where is the true boundary between the GL and non-GL photon statistics? Our important finding is that the unconventional photon statistics are associated with the nonzero imaginary part of the eigenvalue λ ± (or the relaxation oscillation), where the center manifold reduction fails. As is evident from the inside of the square root of Eq. (32), the eigenvalue λ ± has a nonzero imaginary part when γ /γ c > 1, otherwise λ ± is a real value. Therefore, for low-β lasers, we can say that the boundary between the GL and non-GL photon statistics is γ /γ c = 1. Namely, low-β lasers with the ratio γ /γ c ≥ 1 behave as class-A lasers, and their photon statistics can be described by the GL theory. Meanwhile, low-β lasers with the ratio γ /γ c < 1 should be classified as class-B lasers exhibit the unconventional photon statistics, which cannot be described by the GL theory. We discuss the ratio (γ /γ c ) dependence of photon statistics in detail in Sec. IV. E.
E. Ratio (γ /γc) dependence
We use numerical simulations to discuss how photon statistics deviate from the prediction of the GL theory depending on the ratio γ /γ c . Instead of showing the full plots of ln g (q) vs. ln g (2) , we consider g (q) at a pump power of P/P th = 10 0.1 with various γ /γ c ratios. Figure   6 (a) shows how the plot ln g (q) vs. ln g (2) deviates from the prediction of the GL theory for various ratios γ /γ c . The plots in Fig. 6 (a) were obtained as follows. For a simulated value of ln g (2) sim for P/P th = 10 0.1 , the GL theory gives ln g
GL with Eq. (9). Thus, we divide the simulated ln g GL , which is the difference between the simulation and the GL theory. Except for the ratio, γ /γ c , the parameters are the same as in Fig. 2 . We chose P/P th = 10 0.1 as a characteristic pump power because it is close to the threshold but high enough for both non-GL (unconventional) photon statistics and relaxation oscillation to appear. Figure 6 (a) clearly shows that the deviation from the GL prediction starts when γ /γ c becomes smaller than unity. Therefore, as discussed in Sec. IV. D, the ratio γ /γ c = 1 works as a boundary between the GL and non-GL type photon statistics.
Additionally, in Fig. 6 (b) , we show the second-order photon correlation g (2) at a pump power of P/P th = 10
as a function of the ratio γ /γ c . For a ratio γ /γ c = 1 > 1, g (2) is close to unity [g (2) 1], while bunching [g (2) > 1] appears when the ratio, γ /γ c , is smaller than unity. Namely, the behavior of g (2) is very similar to that in Fig. 6 (a) . Since the second-order photon correlations g (2) (a)
FIG. 6. (color online). (a)
The difference between the simulation and the GL theory as a function of the ratio, γ /γc. For a simulated ln g (2) sim at P/P th = 10 0.1 , we plot ln g
GL , where ln g
GL is a simulated result and ln g (q)
GL is an analytical result based on the GL theory [Eq. (9)]. (b) The second-order photon correlation g (2) at a pump power of P/P th = 10 0.1 as a function of γ /γc. β = 0.001 was used for all the simulations.
can be precisely measured with conventional techniques, the g (2) measurement for different ratios γ /γ c could be a strong experimental signature of the transition between the two different types of photon statistics as detailed in Sec. V.
We also note that Fig. 6 (a) indicates that unconventional photon statistics appear even when βγ c /γ < 1 (for example, β = 0.001 and γ /γ c = 0.1). This result contradicts the argument in Ref. [10] , which states that the condition βγ c /γ 1 is necessary for unconventional photon statistics. Meanwhile, our result supports the experimental result in Ref. [11] , where unconventional photon statistics were observed with βγ c /γ < 1.
F. Unconventional photon statistics of class-B lasers
Although finding an analytical expression for the unconventional (non-GL) photon statistics of class-B lasers is not our main interest, we briefly review previous studies on this subject. First, we consider photon statistics whose P representation is of the form:
where I = |α| 2 . With Eq. (5), the corresponding photon counting distribution is given by
This photon counting distribution was derived by Paoli [6] and Ogawa [7, 52] as the photon statistics of class-B lasers (or bad-cavity lasers) with a zero photon noise limit. Now, we calculate the higher-order photon correlation functions g (q) in the same way as in Eqs. (7) and (9). The normalized higher-order photon correlation function is calculated as
Interestingly, the parameter B does not appear in the normalized higher-order photon correlation g (q) . Therefore, similarly to the GL-type photon statistics, the plot ln g (q) vs. ln g (2) directly shows whether or not the photon coincides with p Paoli n without using fitting photon counting distributions. The normalized higherorder photon correlation method is a powerful tool again. Varying the parameter A from 0 to +∞, we find g (2) changes from 2 to 1. Figure 7 plots ln g (q) vs. ln g (2) simulated with the class-B parameter (γ /γ c = 0.01) and compares them with Eq. (53). The filled circles in Fig.  7 are the same as those in the bottom row of Fig. 2 (b) . Interestingly, Fig. 7 (b) indicates that the photon statistics of a class-B laser asymptotically coincide with p Paoli n with an increase in pump power.
In fact, the photon statistics of the form of Eq. (51) is obtained with the following equation motion of the electric field [53] [54] [55] :
where the complex noise terms f = f 1 + if 2 and ξ = ξ 1 + iξ 2 satisfy f i (t)f j (t ) = 2Qδ ij δ(t − t ) and ξ i (t)ξ j (t ) = 2P δ ij δ(t − t ). Equation (54) is identical to Eq. (14) except for the multiplicative noise ξ. When the multiplicative noise ξ is dominant over the additive noise f , the steady state probability distribution of Eq. (54) will be approximated as P PO (α) [Eq. (51)]. Thus, one hypothesis is that the breakdown of the center manifold reduction (or the breakdown of the adiabatic elimination) may give rise to the multiplicative noise.
Finally, in terms of the future perspective, the question is whether or not a phase-transition analogy exists in this class-B regime (γ /γ c 1). Probably, we need to consider the potential as functions both of photon and carrier number. If the potential exists, the steady-state probability distribution may be written as to investigate a generalized factorial moment g (q,p) = n,N n q N p p n,N /( n q N p ) [18] .
V. DISCUSSION
First, we comment on the effect of noise (fluctuation) in the context of the center manifold reduction [56, 57] . In Section. III, we showed that the photon and carrier rate equations may be reduced to a single equation for photons around the lasing threshold. In this argument, we discussed only the deterministic rate equations and neglected the noise terms. Strictly speaking, we need to add the noise terms in Eq (28) and show that they are reduced to Eq. (15) (or Eq. (14)), where, importantly, the noise term must be an additive noise not a multiplicative noise. Ref. [56] discussed the effect of noise on center manifold reduction using the Fokker-Planck equation, which supports our naive discussion based on the deterministic equations. The essence is that the probability distribution will sharply peak on the center manifold, which may be approximated by the delta function. Thus, we only need to consider the probability distribution on the center manifold, which may be described by a deterministic equation of motion on the center manifold with an additive noise term. In our case, such a reduced equation of motion will be Eq. (15) (or Eq. (14)). Second, we propose a possible experiment for confirming our predictions. Although there are state-of-the-art techniques for measuring higher-order photon correlations g (q≥3) (see Sec. II. B), conventionally, the precise photon measurement is still limited to the second-order photon correlation [g (2) ]. Thus, as suggested in Fig. 6  (b) , we propose measuring the g (2) of low-β lasers for different Q values (or different ratios γ /γ c ). If the Q value is low and the photon lifetime is much shorter than the carrier lifetime, as with conventional semiconductor lasers, g (2) does not reach unity even high above the threshold [8, 43, 47, 58] . Meanwhile, when the photon lifetime becomes comparable to the carrier lifetime, the center manifold reduction theory predicts that the laser behaves as class-A and exhibits g (2) π/2 at the lasing threshold, and g (2) drops sharply to unity above the threshold. Thus, the Q factor dependence of g (2) provides strong evidence for our argument. The variation in Q value could be realized with external cavities as in [59] .
Finally, we comment on the laser design principle implied by our results. Our results indicate that, for low-β lasers, the effort to increase the Q value constitutes a meaningful direction for laser optical communications (Poissonian light sources). Importantly, the conventional class-A condition (γ c γ ) is not necessary and a photon lifetime comparable to the carrier lifetime (γ c γ ) is sufficient to obtain a sharp drop in g (2) from 2 to 1 at the lasing threshold. Since carrier lifetimes in semiconductor lasers are of the order of nanoseconds, the required cavity photon lifetimes are also of the order of nanoseconds, which is realized, for example, with external cavities or high-Q photonic crystal cavities. On the other hand, lasers with γ c γ are also useful as the light sources of two-photon excitation microscopies [60] , where strong thermal [g (2) > 1] light is required. When the photon lifetime is much shorter than the carrier lifetime, the thermal statistics remain far above the lasing threshold, which can be used as a bright two-photon source.
VI. CONCLUSIONS AND FUTURE PERSPECTIVES
First, we proposed a higher-photon correlation measurement method to confirm whether or not a laser is described by the Ginzburg-Landau (GL) theory. This technique allows the direct comparison of measured photon statistics with the GL theory without fitting the photon counting distribution function. Furthermore, in terms of experiments, this method has a great advantage in that the higher-photon correlation functions are independent of quantum efficiencies.
Second, for low-β lasers, we investigated the applicability of the GL theory for lasers with various photon and carrier lifetime ratios. We showed that when the photon lifetime is much longer than the carrier lifetime (class-A lasers), the photon statistics are described by the GL theory, which is easily understood in terms of conventional adiabatic elimination. Meanwhile, when the photon lifetime is much shorter than the carrier lifetime (class-B lasers), the photon statistics cannot be described by the GL theory (unconventional photon statistics). The surprise is the intermediate region. Namely, even when the photon and carrier lifetimes are the same, the photon statistics are fully described by the GL theory. We interpreted these results by using the center manifold reduction theory, which is an extension of adiabatic elimination and showed that the GL theory is applicable if the photon lifetime is equal to or longer than the carrier lifetime. Thus, the applicability of the GL theory of lasers is broader than conventionally imagined. The implication of this conclusion reaches beyond simple theoretical interest and is important for laser design.
In terms of the future perspectives, a high-β laser with a large carrier transparency number will be of interest [43, 61] . High-β and large N 0 lasers exhibit clear kinks in their pump-input and light-output curves, which is similar to the low-β lasers discussed in this paper. However, a large N 0 strongly modifies the dynamical photon statistical properties. Thus, it is not trivial regardless of whether or not the GL type theory is applicable to them.
APPENDIX. A. HIGHER-ORDER PHOTON CORRELATIONS AND PHOTON COUNTING DISTRIBUTION FUNCTION
We comment on the relationship between the higherorder photon correlation g (q) and the photon counting distribution function p n . We attempt to reconstruct the Glauber-Sudarshan P representation P (I) and p n from g (q) . First, with the Fourier transformation of P (I), we introduce the characteristic function as [25, 62] Φ(t) = 
Here, the expansion coefficient M q is the qth moment and equivalent to the non-normalized qth-order correlation function G (q) as
Recalling g (q) = G (q) / n q , the characteristic function is written as
Therefore, if infinite orders of the correlation g (q) are known, the "shape" of the characteristic function can be calculated with Eq. (57) . The mean photon number n works as a scaling factor for the characteristic function. With the characteristic function, the Glauber-Sudarshan P representation is calculated through the inverse Fourier transformation of Eq. (55):
Finally, the photon counting distribution p n is obtained as
which is the case for η = 1 of Eq. (5). Now, we consider two concrete examples: far below and above the threshold of the GL theory of lasers [Eq. (9)]. (i) Far below the lasing threshold (a 0): we expect g (q) = q! from Eq. (9) . Thus, the characteristic function will lead to Φ(t) = (1 − it n ) −1 . With the inverse Fourier transformation, we obtain the P representation of the exponential distribution: P (I) = n −1 exp(−I/ n ). Finally, with Eq. (59), we obtain the photon counting distribution p n as p n = 1 n! n ∞ 0 dII n e −(1/ n +1)I = n n ( n + 1) n+1 (far below threshold), (60) which is the thermal distribution also called the BoseEinstein distribution.
(ii) Far above the lasing threshold (a 0): from Eq. (9), we expect g (q) = 1 for all q. Now, the characteristic function is given by Φ(t) = e it n The corresponding P representation is the delta function: P (I) = δ(I − n ) Finally, the photon counting distribution is 
which is the Poissonian photon distribution. In practice, from a finite order of g (q) , we may reconstruct the Glauber P representation P (I) using the maximum entropy method [18] .
APPENDIX. B. DERIVATION OF THE GL POTENTIAL THROUGH THE FOKKER-PLANCK EQUATION
In this appendix, following Refs. [2, 3, 24, 25, 39] , we derive the GL potential as a steady-state solution of the Fokker-Planck equation of lasers. We start from the normal form of the Hopf bifurcation with noise [Eq. (14) ]:
where α is a complex value given by α = x + iy and the noise f = f x + if y is the Langevin noise.
x = −2ax − 4b(x 2 + y 2 )x + f x (63) y = −2ay − 4b(x 2 + y 2 )y + f y .
The deterministic parts of Eqs. (63) and (64) are known as the Stuart-Landau equation, which exhibits a limit cycle [42] . The Langevin noises f x and f y satisfy the following correlations f x (t)f x (t ) = 2Qδ(t − t ) f y (t)f y (t ) = 2Qδ(t − t ) 
where P (x, y, t) is the probability distribution. In the polar coordinate, α = x + iy = re iφ (we note that r 2 = I holds), the Fokker-Planck equation (66) 
Since the steady state should not have a preferred phase [U (1) gauge symmetry], neglecting the φ dependence, the steady state P st (r) may satisfy the following equation:
Now, the steady state is easily obtained as
where the "potential" F (α) is given by
